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This paper studies the problem
¨ s d¨ q ¨ q y 1 y cos p x ¨ p , for 0 - x - 1 and t ) 0, .t x x
¨ s 0, for x s 0, 1 and t ) 0,x
¨ x , 0 s ¨ x , for 0 - x - 1, .  .0
where 1 - q - p, d ) 0. It is shown that for large initial data if p - 2 q y 1 or
p s 2 q y 1 but d is small, then the positive solution blows up in finite time. It is
also proved that the positive solution is bounded from above for all time if
’ ’ .  .p ) 2 q 2 q y 1 q 2 . Finally, the blow-up set is studied. Q 1996 Academic
Press, Inc.
1. INTRODUCTION
Studies of blow-up properties of solutions to partial differential equa-
 w x .tions are numerous see, e.g., 3, 4 and references therein . A particular
interest is to investigate the relation between the finite time blow-up of the
solutions to an ordinary differential equation and the solutions to the
 .corresponding partial differential equation i.e., diffusion is considered . It
has been known that if the Dirichlet boundary condition u s 0 is imposed
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on the partial differential equation problem, then the addition of diffusion
may prevent the solution from blowing up in finite time. This means that
there are some situations where any solution to the ordinary differential
equation blows up in finite time, while solutions to the partial differential
equation exist for all time. One can find examples with the above property
w xin Chap. 6 of 3 .
On the other hand, for Cauchy problems and Neumann boundary
w xcondition problems, recent work of 1, 2 proved that the presence of
diffusion term may cause blow-up in finite time. More specifically, they
studied the following problem: does there exist a locally Lipschitz vector
field f : Rm ª Rm, a positive definite diagonal m = m matrix D and a
w x m 1 m msmooth function u : 0, 1 ª R or R ª R , such that for all y g R ,0 0
solutions of
y9 t s f y t , t G 0, y 0 s y , 1.1 .  .  .  . . 0
exist for all time, but the solution of the initial-boundary value problem,
u s Du q f u , 0 - x - 1, t ) 0, 1.2 .  .t x x
u s 0, x s 0, 1; t ) 0, 1.3 .x
or
u s 0, x s 0, 1; t ) 0, 1.3 9 .
u s u , 0 - x - 1, t s 0, 1.4 .0
or the solution of the Cauchy problem,
u s Du q f u , x g R1 , t ) 0 1.5 .  .t x x
u s u , x g R1 , t s 0, 1.6 .0
blows up in finite time?
w xIn 1 , Churbanov constructed an example and gave a positive answer to
 .  . w xthe Cauchy problem 1.5 ] 1.6 . In 2 , Morgan gave the following
example:
u9 t s u t , t ) 0, 1.7 .  .  .
2 < < 3¨ 9 t s ¨ t y 3 y u t ¨ t , t ) 0, 1.8 .  .  .  .  .
u 0 s u , ¨ 0 s ¨ , 1.9 .  .  .0 0
 .  .and proved that the solutions of 1.7 ] 1.9 exists globally for all u , ¨ .0 0
Moreover, he proved that the diffusion and no-flux boundary conditions
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may cause blow-up in finite time. More precisely, he proved that the
solution of
1
u s u q u , 0 - x - 1, t ) 0, 1.10 .t x x2p
2 < < 3¨ s ¨ y 3 y u ¨ , 0 - x - 1, t ) 0, 1.11 .t
u s 0, x s 0, 1; t ) 0, 1.12 .x
u x , 0 s a cos p x , ¨ x , 0 s ¨ x , 0 - x - 1, 1.13 .  .  .  .0
< <  .blows up in finite time, where a G 3 and ¨ x is smooth such that0
 .  ..¨ 1rp arccos 3ra ) 0.0
w xIn 2 , Morgan pointed out ``It is not known whether the addition of
diffusion and no-flux boundary conditions to the second component of
 .  .1.10 ] 1.13 can also cause finite blow time blow-up. More appropriately,
do there exist d ) 0, a G 3 and smooth initial data ¨ such that the0
solution of
2 < < 3¨ s d¨ q ¨ y 3 y a cos p x ¨ , 0 - x - 1, t ) 0, 1.14 .t x x
¨ s 0, x s 0, 1; t ) 0, 1.15 .x
¨ x , 0 s ¨ x , 0 - x - 1, 1.16 .  .  .0
blows up in finite time? If so, then our question is resolved.''
This note will give a positive answer to the above question; i.e., we will
 .  .prove that the solutions of 1.14 ] 1.16 blow up in finite time for a s 3,
 .some d ) 0 and positive smooth initial data ¨ x , and the blow-up point0
is only x s 0.
 .Let a s 3 in 1.14 , under appropriate transformation of the variables ¨
 .  .and t, then 1.14 ] 1.16 becomes
¨ s d¨ q ¨ 2 y 1 y cos p x ¨ 3 , 0 - x - 1, t ) 0, 1.17 .  .t x x
¨ s 0, x s 0, 1; t ) 0, 1.18 .x
¨ x , 0 s ¨ x , 0 - x - 1. 1.19 .  .  .0
More generally, we will discuss the problem
¨ s d¨ q ¨ q y 1 y cos p x ¨ p , 0 - x - 1, t ) 0, 1.20 .  .t x x
¨ s 0, x s 0, 1; t ) 0, 1.21 .x
¨ x , 0 s ¨ x , 0 - x - 1, 1.22 .  .  .0
where 1 - q - p, d ) 0.
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In Section 2, we will give one sufficient condition for the finite time
 .  .blow-up of problem 1.20 ] 1.22 . On the other hand we also give a
condition for the globally boundedness of the solutions. In Section 3, we
will prove that the only possible blow-up point is x s 0.
 .  .2. GLOBAL BEHAVIOR OF SOLUTIONS OF 1.20 ] 1.22
Let us give our main results of this section first.
 .THEOREM 1. Assume that 1 - q - p F 2 q y 1, and let s s 2 p y q r
 . 2  .  .p y 1 , a s 2 dp r p y 1 , A ) 1. If the following condition 2.1 holds,
sy1sy1 sy1. qy1.r pyq.0 - a - 2 A y 1 2 .
 .  .qy1 r pyqsy1sy1= 2 q A y 1 , 2.1 .  . .
then there exists a constant c satisfying
 .1r pyqsy1sy1.r pyq. sy1.r pyq. sy14 - c - 2 2 q A y 1 , 2.2 .  . .
such that when
c
¨ x G , for 0 F x F 1, 2.3 .  .0  .2r py1A y cos p x .
 .  .  .the solution ¨ x, t of 1.20 ] 1.22 blows up in finite time.
’ ’ .  .THEOREM 2. If q ) 1 and p ) 2 q 2 q y 1 q 2 , then e¨ery posi-
 .  .ti¨ e solution of 1.20 ] 1.22 is bounded for all the time t.
Before we prove these two theorems, we would like to present some
remarks.
 .Remark 1. If p s 2 q y 1, then s s 1, and hence 2.1 holds if 0 -
 .  .a - 2. Moreover, for any positive continuous ¨ x , 2.3 holds provided0
 .  .that A is large enough. Therefore, the solution of 1.20 ] 1.22 blows up in
 .  .  .finite time. As a special case the solution ¨ x, t of 1.17 ] 1.19 blows up
2  .in finite time if 0 - dp - 2 and ¨ x ) 0 is continuous.0
Remark 2. If p - 2 q y 1, then s - 1. For any d ) 0 and hence
.  .a ) 0 , there exists A ) 1 such that 2.1 holds. Theorem 1 shows that for
 .  .  .any diffusion coefficient d ) 0, the solution ¨ x, t of 1.20 ] 1.22 blows
 .up in finite time provided that the initial data ¨ x is large enough.0
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Remark 3. In our following proof of Theorem 1, it will be seen that the
solution of the Cauchy problem
1
1u s u q u , x g R , t ) 0,t x x2p
2 < < 3 1¨ s d¨ q ¨ y 3 y u ¨ , x g R , t ) 0,t x x
u x , 0 s 3 cos p x , ¨ x , 0 s ¨ x , x g R1 , .  .  .0
blows up in finite time for 0 - d - 2rp 2 and suitable positive continuous
 .¨ x . This also constructs an example which gives a positive answer to the0
 .  .Cauchy problem 1.5 ] 1.6 .
Remark 4. There are two unsolved problems in this note. The first one
 .  .is that whether the solution of 1.20 ] 1.22 blows up in finite time if
’ ’ .  .2 q y 1 - p F 2 q 2 q y 1 q 2 . The second one is that for p s
 .  .2 q y 1 whether the solution of 1.20 ] 1.22 blows up in finite time if the
diffusion coefficient d is large.
Proof of Theorem 1. Our basic idea is to construct a suitable lower
 .  .solution of 1.20 ] 1.22 which blows up in finite time.
 .By using relation 2.1 , it can be proved that there exists constant c
 .satisfying 2.2 such that
sy1py1 sy1 qy1 qy1 sy1c y 4 c - a - c 2 A y 1 . .
Thus, there exists e ) 0 such that
sy1qy1 sy1e q a - c 2 A y 1 , 2.4 .  .
e q c py1 y 4sy1cqy1 - a . 2.5 .
 .  .Set m s 2r p y 1 , k s erm s e p y 1 r2, and
c
w x , t s , . m
A y cos p x y kt .
 .  .  .where A ) 1, e ) 0 and c ) 0 satisfy 2.4 and 2.5 . w x, t is well defined
 .for 0 F x F 1, 0 F t - A y 1 rk, and blows up in finite time t s0
 .  .  .  .A y 1 rk. We will prove that w x, t is a lower solution of 1.20 ] 1.22 if
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 .  .mthe initial data ¨ x G cr A y cos p x for 0 F x F 1. By computations,0
we have
 .y mq1w s ce A y cos p x y kt , .t
 .y mq1w s ycmp A y cos p x y kt sin p x , .x
 .y mq22 2w s cm m q 1 p A y cos p x y kt sin p x .  .x x
 .y mq12ycmp A y cos p x y kt cos p x . .
It yields
w s 0 for x s 0 and 1.x
w x w  . .Denote Q s 0, 1 = 0, A y 1 rk ; then we have
w y dw F w q y 1 y cos p x w p , for x , t g Q, 2.6 .  .  .t x x
holds if and only if
e A y cos p x y kt q a A y cos p x y kt cos p x y a m q 1 sin2 p x .  .  .
sqy1 py1F c A y cos p x y kt y c 1 y cos p x , for x , t g Q. .  .  .
This inequality can be written as
e q a cos p x A y 1 y kt q e q c py1 y a 1 y cos p x .  .  .  .
s2 qy1y a m sin p x y c A y cos p x y kt F 0, for x , t g Q. .  .
2.7 .
Because q - p F 2 q y 1, we have 0 - s F 1. Hence we get
s s ssy1A y cos p x y kt G 2 A y 1 y kt q 1 y cos p x . .  .  . .
Using this inequality, we know that if
e q a cos p x A y 1 y kt q e q c py1 y a 1 y cos p x .  .  .  .
s sqy1 sy1y c 2 A y 1 y kt q 1 y cos p x F 0, .  . .
for x , t g Q, 2.8 .  .
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 .  .holds, then 2.7 holds. Equation 2.8 is equivalent to the following
inequality:
sy1qy1 sy1A y 1 y kt e q a cos p x y c 2 A y 1 y kt .  . .
sy1py1 qy1 sy1q 1 y cos p x e q c y a y c 2 1 y cos p x .  . .
F 0, for x , t g Q. 2.9 .  .
Since A y 1 y kt F A y 1, 1 y cos p x F 2 and s y 1 F 0, we know
that if
sy1qy1 sy1A y 1 y kt e q a y c 2 A y 1 .  . .
q 1 y cos p x e q c py1 y a y cqy14sy1 .  .
F 0, for x , t g Q, 2.10 .  .
 .  .is true then 2.9 holds. Using A y 1 y kt G 0, 1 y cos p x G 0, 2.4 , and
 .  .  .2.5 , we have that 2.10 holds. Consequently 2.6 holds.
 .  .  .2r py1.Therefore, if the initial data ¨ x G w x, 0 s cr A y cos p x0
 .  .  .for 0 F x F 1, then w x, t is lower solution of 1.20 ] 1.22 . Noticing that
 .  . w xw x, t is unbounded as t ª A y 1 rk, using Theorem 6.1.3 of 3 , we
 .  .conclude that ¨ x, t blows up in finite time t F A y 1 rk. The proof is0
completed.
Proof of Theorem 2. We will construct any large upper solution for the
 .  .  .problem 1.20 ] 1.22 . Consider w s w cos p x as an upper solution with
w determined later. Then we see that w s 0 for x s 0, and 1 if w is C1.x
2  .So, for w g C the following condition 2.11 makes w an upper solution:
d w0 cos p x p 2 sin2 p x y w9 cos p x p 2 cos p x .  . .
q w q cos p x y 1 y cos p x w p cos p x F 0, for 0 F x F 1. .  .  .
2.11 .
 .Let s be cos p x. Equation 2.11 can be rewritten as
dp 2 w0 s 1 y s2 y w9 s s q w q s .  .  .  . .
y 1 y s w p s F 0, for y1 F s F 1. 2.12 .  .  .
 2 .ymChoose w s A 1 q e y s where A, e , m are positive constants to
 .be determined later. Since w9 s s G 0, and w is symmetric and positive, we
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 .see that it is sufficient to ask 2.12 hold for 0 F s F 1 only. After
 .computation, we reduce 2.12 to the following inequality:
ym y12 2 2dp 1 y s 2 Am 1 q e y s .  .
ym y22 2q4 Am m q 1 s 1 q e y s .  . /
yq mymy12 2 2 q 2y2p dAms 1 q e y s q A 1 q e y s .  .
yp mp 2y 1 y s A 1 q e y s F 0, for 0 F s F 1. 2.13 .  .  .
’ ’ .  .Because p ) 2 q 2 q y 1 q 2 and q ) 1, we have p ) 2 q y 1
2 2  .  .and p q 2 p ) 4 pq y 2 q q 1. Hence, 2r p y 1 - 1r q y 1 and
 .  .  2 .2r p y 1 - p y 2 q q 1 r pq y p y q q q . So we can choose m such
 .  .  . that 2r p y 1 - m - 1r q y 1 and m - p y 2 q q 1 r pq y
2 .  .p y q q q . For a small d ) 0, we consider 2.13 for two subintervals
0 F s F 1 y d and 1 y d - s F 1 separately.
If 0 F s F 1 y d then:
The left-hand side of 2.13 .
ym y1qpm ymy2qpm2 2F 2 dp Am 1 q e q 4dp Am m q 1 1 q e .  .  .
yp myqmqpmq p 2qA 1 q e y d A 1 q e y s . .  ..
So,
ym y1qpm ymy2qpm2 22 dp Am 1 q e q 4dp Am m q 1 1 q e .  .  .
yq mqpmq pq A 1 q e y d A F 0 2.14 .  .
 .will guarantee 2.13 for 0 F s F 1 y d .
 .Now consider 2.13 for 1 y d F s F 1:
The left-hand side of 2.13 .
pmymy12F 1 y s 4dp Am e q 2d .  .
yp mpmymy22 p 2q8dp Am m q 1 e q 2d y A 1 q e y s .  .  ..
ym y1mq1yqm 2q 2 2q A e q 2d y 2 dp Am 1 y d 1 q e y s . .  .  . .
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2  . .Here we have used 1 q e y s F e q 1 y s 1 q s F e q 2d , 1 q s F
2  .22, and s F 1 y d for 1 y d F s F 1. Now we can obtain the following
 .  .  .conditions 2.15 and 2.16 to guarantee 2.13 for 1 y d F s F 1.
pmymy124dp Am e q 2s .
pmymy22 pq 8dp Am m q 1 e q 2d y A F 0. 2.15 .  .  .
mq 1yqm 2q 2A e q 2d y 2 dp Am 1 y d F 0. 2.16 .  .  .
 . yk  .  .We take e s d s 1r4 A , with q y 1 r m q 1 y qm - k - p y q,
 .  2 .which is possible since m - p y 2 q q 1 r pq y p y q q q and we ask
 .  .A ) 1. So e s d - 1r4. Equations 2.14 ] 2.16 can be sufficiently changed
 .  .to the following inequalities 2.17 ] 2.19 , respectively:
pmymy1 pmymy25 52 22 dp m q 4dp m m q 1 . .  .4 4
pmyqm5 1qy1 pyky1q A y A F 0. 2.17 . .4 4
4dp 2 m q 8dp 2 m m q 1 y A py1 F 0. 2.18 .  .
21qy1 ykmq1yqm. 2 ykA A y 2 dp m 1 y A F 0. 2.19 . .4
 .  .Since p y k y 1 ) q y 1, p y 1 ) 0, and q y 1 y k m q 1 y qm -
 .  .0, we find that for large enough A, 2.17 ] 2.19 will hold. Therefore we
  . yk 2 .ymhave found an upper solution of the form A 1 q 1r4 A y cos p x .
Also note that the upper solution can be arbitrary large if we let A large
enough. Since u s 0 is always a lower solution, using standard monotone
 w x.theory see, e.g., 3 , we know that every solution is bounded by this
upper]lower solution pair. This completes our proof of the theorem.
 .  .3. BLOW-UP SET OF 1.20 ] 1.22
 .  .In this section we discuss the blow-up set of 1.20 ] 1.22 . We will prove
the following theorem.
 .THEOREM 3. Assume that 1 - q - p, d ) 0 and the initial data ¨ x is0
w x  .positi¨ e and continuous function on 0, 1 . If the solution ¨ x, t of
 .  .1.20 ] 1.22 blows up in finite time, then the blow-up point is only x s 0, i.e.,
 4the blow-up set is x s 0 .
 .  .Proof. In view of ¨ x G 0, we know that ¨ x, t G 0 for 0 F x F 10
 .and 0 F t - T , where T is the blow-up time of ¨ x, t . We divide the proof
into two cases.
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Case 1. 1 - q - p F 2 q y 1. Because q - p F 2 q y 1, it can be
 . .proved that there exists a unique a G 1 such that ps1q 1qa ra ?
 .  .  .  . l  .q y 1 . Let l s ar q y 1 and w x, t s 1 y cos p x ¨ x, t . Then we
compute
l q a s lq , l q a q 1 s lp;
lw s 1 y cos p x ¨ ; .t t
ly1 lw s lp ¨ 1 y cos p x sin p x q 1 y cos p x ¨ ; .  .x x
ly2 ly12 2 2w s l l y 1 p ¨ 1 y cos p x sin p x q lp ¨ 1 y cos p x cos p x .  .  .x x
ly1 lq 2 lp ¨ 1 y cos p x sin p x q 1 y cos p x ¨ .  .x x x
ly2 ly12 2 2s l l y 1 p ¨ 1 y cos p x sin p x q lp ¨ 1 y cos p x cos p x .  .  .
y1 ly1q 2 lp 1 y cos p x w y lp ¨ 1 y cos p x sin p x sin p x .  . .x
lq 1 y cos p x ¨ . x x
ly1 2 2 2s 1 y cos p x yl l q 1 p y l p cos p x ¨ .  . .
y1 lq 2 lp 1 y cos p x w sin p x q 1 y cos p x ¨ . .  .x x x
Hence we have
a
1 y cos p x w y dw .  .t x x
lqas 1 y cos p x ¨ y d¨ .  .t x x
lqay1 2q 1 y cos p x ¨dlp l q 1 q l cos p x .  .
ay1y 2 dlp 1 y cos p x w sin p x . x
lqa lqaq1q ps 1 y cos p x ¨ y 1 y cos p x ¨ .  .
ay1 2q 1 y cos p x dlp l q 1 q l cos p x w y 2 dlp w sin p x .  . .x
ay1q ps w y w q 1 y cos p x .
= dlp 2 l q 1 q l cos p x w y 2 dlp w sin p x . .x
for 0 - x - 1 and 0 - t - T , 3.1 .
and
w 0, t s w 1, t s 0, 0 - t - T , .  .x
lw x , 0 s 1 y cos p x ¨ x , 0 - x - 1. .  .  .0
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Let wq be the largest root of
w qy1 y w py1 q 2 ay1dlp 2 2 l q 1 s 0, 3.2 .  .
and
lqw* s max w , max 1 y cos p x ¨ x . .  . 50
0FxF1
We want to prove that
w x , t F w*, 0 F x F 1, 0 F t F T . .
 .  x  .If it is not true, then there exists x , t g 0, 1 = 0, T such that0 0
 .  .  .  . w x w xw x , t s w ) w*, and w x, t F w x , t for all x, t g 0, 1 = 0, t .0 0 0 0 0 0
 .From 3.2 , we have
w qy1 y w py1 q 2 ay1dlp 2 2 l q 1 - 0. 3.3 .  .0 0
If x - 1, then we have0
a
1 y cos p x w x , t y dw x , t G 0, w x , t s 0, .  .  .  . .0 t 0 0 x x 0 0 x 0 0
 .and hence by 3.1
w qy1 x , t y w py1 x , t .  .0 0 0 0
ay1 2q 1 y cos p x dlp l q 1 q l cos p x G 0. .  .0 0
It follows that
w qy1 y w py1 q 2 ay1dlp 2 2 l q 1 G 0. .0 0
 .This is a contradiction with 3.3 .
 .  .If x s 1, then we have w 1, t s w . Using 3.3 and the continuity of0 0 0
 .w x, t we have that there exists d ) 0 such that
h x , t ' w qy1 x , t y w py1 x , t .  .  .
ay1 2q 1 y cos p x dlp l q 1 q l cos p x .  .
F w qy1 x , t y w py1 x , t q 2 ay1dlp 2 2 l q 1 .  .  .
w x w x- 0 on S ' 1 y d , 1 = t y d , t ,0 0
 .  .  .and w 1, t is the maximum value of w x, t on S. 3.1 can be written as0
a ay11 y cos p x w y dw s h x , t w y 2 dlp 1 y cos p x w sin p x , .  .  .  .t x x x
 .for 1 y d F x - 1, and t y d F t - t , and w 1, t s 0, for t y d F0 0 x 0
t F t .0
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 .Since h x, t - 0, 1 y cos p x ) 0 on S, by the strong maximum princi-
 .  .ple we deduce that w 1, t ) 0. It is a contradiction with w 1, t s 0.x 0 x
 .  . l  .Therefore w x, t F w*, i.e., 1 y cos p x ¨ x, t F w* for 0 F x F 1 and
 .0 F t - T. This shows that the blow-up point of ¨ x, t is only x s 0.
 . w x  .Case 2. p G 2 q y 1. Because ¨ x G 0 on 0, 1 and ¨ x, t blows up0
in finite time, for any 0 - t - T , by the maximum principle we obtain that1
 .   .1r pyq.4m ' min ¨ x, t ) 0. Let b s min m, 1r2 . Using the com-0 F x F1 1
 .parison principle we get that ¨ x, t G b ) 0 for all 0 F x F 1 and t F1
t - T.
 .  .  . l  .Let l s 1r q y 1 and w x, t s 1 y cos p x ¨ x, t . Similar to the
proof of Case 1, we have
1 y cos p x w y dw s w q y w2 qy1¨ py2 qq1 y 2 dlp w sin p x .  .t x x x
q dlp 2 l q 1 q l cos p x w .
F w q y b py2 qq1 w2 qy1 y 2 dlp w sin p xx
q dlp 2 l q 1 q l cos p x w , .
for 0 - x - 1 and t F t - T. Let w be the largest root of1 q
w qy1 y b py2 qq1 w2 qy1. q dlp 2 2 l q 1 s 0, .
and
lw s max w , max 1 y cos p x ¨ x , t . .  . 51 q 1
0FxF1
 . l  .Similar to the proof of Case 1, we can prove that 1 y cos p x ¨ x, t s
 .w x, t F w for 0 F x F 1 and t F t - T. Therefore the blow-up point is1 1
only x s 0. Theorem 3 is proved.
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